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Abstract 

 

This scholarly investigation concentrates on the formulation 

of an optimized numerical methodology predicated upon 

the amalgamation of two polynomial basis functions, aimed 

at resolving a specific subset of linear and nonlinear Partial 

Differential Equations (PDEs). In this methodological 

framework, a solution derived from power series is utilized, 

incorporating Chebyshev and Hermite polynomials to satisfy 

the particular requirements imposed by the PDE. 

Subsequently, by substituting the series solution into the 

designated PDE and employing appropriate collocation 

points, a linear system of algebraic equations featuring 

indeterminate hybridization coefficients was established, 

with its resolution achieved through the Gauss elimination 

method (GEM) utilizing numerical computation software. 

Moreover, various discretization schemes were investigated 

to elucidate the manner in which the results fluctuate in 

response to variations in the allocation of collocation points 

throughout the domain. Two illustrative cases were 

scrutinized employing the numerical technique to assess the 

method’s efficacy in terms of reliability, effectiveness, and 

precision. The findings obtained were subjected to 

benchmarking and validation against established results 

within the existing body of literature. 
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Introduction 

 
A foundational mathematical construct recognized as partial 

differential equations (PDEs) serves to elucidate a diverse array of 

physical, engineering, and scientific phenomena. These equations are 

indispensable instruments for the analysis of complex systems that 

exhibit variation in both spatial and temporal domains, as they 

provide a robust methodology for modeling the alterations of 

quantities in relation to multiple independent variables. 

 

The examination of PDEs boasts a rich and venerable historical 

lineage, tracing back to the pioneering contributions of eminent 

mathematicians such as Leonhard Euler and Joseph-Louis Lagrange. 

Scientists use partial differential equations (PDEs) as essential tools for 

various applications include fluid dynamics, thermal conduction and 

both quantum physics and image processing since their initial 

discovery in history. Their extensive application in both research and 

engineering domains is attributable to their ability to encapsulate the 

fundamental principles governing the evolution of ongoing physical 

phenomena. 

 

A pivotal element in the resolution of PDEs involves articulating their 

solutions in terms of orthogonal polynomials. The defining 

characteristic of orthogonal polynomials as a mathematical function 

type involves their orthogonal relationship throughout specific intervals 

when utilizing distinct weighting functions. The significance of partial 

differential equations in the realm of scientific computing is 

paramount. Their historical importance encompasses the modeling of 

natural phenomena and the bridging of the divide between pure and 

applied mathematics, thereby establishing a solid foundational 

presence in various scientific disciplines. The main identifying feature 

of every mathematical orthogonal polynomial type exists in its 

orthogonal function relationship while utilizing different weighting 

functions in designated intervals. 

 

Adenipekun et al (2024) combined Chebyshev and Legendre shifted 

polynomial basis functions to obtain approximate solutions for 

nonlinear Partial Differential Equations giving superior results against 

current studies.  Muhammad Arfan, et al (2022) researched an 

approximate calculation technique for fractional differential 
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equations (FDEs) based on Hermite polynomials under the Caputo 

fractional operator. A system of algebraic equations arises from the 

approach which enables Gauss elimination to solve the equations 

and produce the desired solution thereby demonstrating enhanced 

effectiveness of this method. Caporale and Carrato (2010) applied 

Chebyshev polynomials for the approximate solution of PDEs. Galal, I. 

E., et al (2024) introduced a boundary value problem solution method 

through collocations that works well with high-order features. Akyuz-

Dascioglu (2009) used the idea of polynomial approximation in terms 

of Chebyshev for the high-order PDEs with complex conditions. The 

concept of employing the Hermite-based block approach for the 

numerical solution of second-order nonlinear elliptic partial differential 

equations utilizing the interpolation and collocation procedures was 

examined by Emmanuel, O. A., et al. in 2023. 

 

By establishing a new Hilbert space that meets the beginning and 

boundary requirements, Atta and Youssri (2022) concentrated on an 

approximation spectral technique for the nonlinear time-fractional 

partial integro-differential equation with a weakly singular kernel. 

 

Luo et al. (2017) used the Barycentric rational-collocation approach 

to address a set of nonlinear parabolic PDEs. Dhiman and Tamsir 

(2018) explored a collocation method that utilized a modified version 

of cubic B-spline trigonometric functions to address the Fisher’s 

reaction diffusion equation. 

 

Hongchun Wu, Yulan Wang and Wei Zhang (2018) developed a 

meshless barycentric interpolation collocation method (MBICM) for 

the solution of a class of partial differential equations (PDEs). The 

approximate solutions were in comparison with some existing literature 

and prove better. Ayatollah, Yari, and colleagues (2020) developed a 

numerical approach for solving a class of fractional optimum control 

problems that relies on the Hermite polynomial approximation. 

 

Yuksel and Sezer (2013) introduced an approximating linear second-

order PDEs approach with complex boundary conditions using 

Chebyshev scheme expansion. 

 

Karunakar and Chakraverty (2019) employed a highly effective 

technique relying on the shifted Chebyshev polynomials to tackle 

PDEs. They selected a series of power solution involving the shifted 

Chebyshev polynomials to ensure compliance with the specified 

conditions. Kehali, S. and Khirani, A. (2024) made the use of Hermite 

polynomials to solve the Volterra-Fredholm integral equations of 

second kind numerically. Samaneh et al. (2020) developed a method 
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to investigate the inverse problem in the estimation of time-

dependent heat and temperature source in the context of the heat 

equation, which includes the Dirichlet boundary parameters and the 

integral over-determination condition. The solution approximation for 

this problem employs shifted Chebyshev polynomials as the 

foundation of Tau method depending on the operational matrices in 

form of Chebyshev. 

 

Here, we want to look at the area of hybridizing the Chebyshev and 

Hermite polynomial basis functions.  

 

Preliminaries 

  

The Chebyshev polynomials of the first kind are a set of orthogonal 

polynomials defined as the solutions to the Chebyshev differential 

equation and denoted Tk(v). The first kind of Chebyshev polynomials is 

denoted Tk(v). The Chebyshev polynomial of the first kind Tk(z) can be 

defined by the contour integral

                                                                            

 
 
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Where the contour encloses the origin and is traversed in a 

counterclockwise direction (Arfken 1985, p. 416). 

 

The polynomial of nth degree with unity as the leading coefficient in 

the range [-1, 1] was first introduced by the Russian mathematician 

Pafnuty Chebyshev. 

 

  )2(...4,3,2,1,0,cos)( 1   kvkCosvTk

 

The recurrence formula can be used to find the Chebyshev 

polynomials; 

)3(...4,3,2,1,)()(2)( 11   kvTvTvvT kkk

 

The first few Chebyshev polynomials of the first kind are 

https://mathworld.wolfram.com/OrthogonalPolynomials.html
https://mathworld.wolfram.com/OrthogonalPolynomials.html
https://mathworld.wolfram.com/OrthogonalPolynomials.html
https://mathworld.wolfram.com/ChebyshevDifferentialEquation.html
https://mathworld.wolfram.com/ChebyshevDifferentialEquation.html
https://mathworld.wolfram.com/ChebyshevDifferentialEquation.html
https://mathworld.wolfram.com/ContourIntegral.html
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On the other hand, Hermite polynomials are a set of orthogonal 

polynomials that play a significant role in various fields such as 

mathematics, physics, and engineering. These polynomials are 

named after Charles Hermite, a French mathematician. They’re well-

known for their use in probability, quantum mechanics, and 

numerical analysis. Essentially, these polynomials are solutions to 

Hermite's differential equation and come in two types: the physicist's 

Hermite polynomials and the probabilist's Hermite polynomials. 

Hermite polynomials are useful tools in math with a variety of uses in 

both theory and practice. They're especially important for solving 

differential equations and have applications in fields like quantum 

mechanics and statistical mechanics. These polynomials are written 

as Hk(v) and are defined using a specific recurrence relation. 

        

)4()(2)(2)( 11 vHkvHvvH kkk    

For k ≥ 1, with initial conditions 1)(0 vH  and vvH 2)(1   . These 

polynomials meet this differential equation:         

0)(2)(2)( ///  vHkvHvvH kkk  

The Hermite polynomial )(zH k can be defined by the contour 

integral; 

            

)5(
2

!
)( 122


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i

k
zH kztt

k


 

where the contour encloses the origin and is traversed in a 

counterclockwise direction (Arfken 1985, p. 416). 

The first few Hermite polynomials are 

https://mathworld.wolfram.com/ContourIntegral.html
https://mathworld.wolfram.com/ContourIntegral.html
https://mathworld.wolfram.com/ContourIntegral.html


 
 
 
 
 

 
 
 

236 

 

 
 

 

 
 

 

 
 

 

 

 

Corpus Intellectual 

ISSN PRINT 2811-3187 ONLINE  2811-3209    Volume 4 NO 3 2025 

 

 

 

 

 

........................................................................

12016032)(

124816)(

128)(

24)(

2)(

1)(

35

5

24

4

3

3

2

2

1

0

vvvvH

vvvH

vvvH

vvH

vvH

vH













 

 

3.0  Methodology 

 

3.1 The hybridization collocation method 

 

Here, we describe the approach to solve partial differential equations 

(PDEs); the amalgamation of Chebyshev and Hermite polynomials. To 

exemplify the technique, we examine a partial differential equation in 

generals characterized by two distinct variables which are m and t; 

and w the dependent variable represented as follows: 

                        

)6(),()( tmcwH 

 

Depending on the stipulated terms and circumstances: 

                                    

)7()(),()(),( 00 mktmwandtdtmw 

 

where w is an unspecified function; c, d and k denote specified 

functions while 0m and 0t remain constants. To begin, we make the 

initial assumption of a two-variable power series solution expressed 

using the Chebyshev and Hermite basis  polynomial functions, which 

must meet the criteria outlined in (8) as below 

        

)8()()(),(),(),(
~~

0

*

0

tPmTatmtmtmw s

N

q

q

N

s

sq 
 

 

 

It’s significant to note ),( tm and ),( tm to be characteristics of 

both m and t, and their selection should such that (8) complies with 

the prescribed requirements set forth in condition (7). Then, we 
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substitute the assumed solution (8) into (6), and from this process, we 

derive a residual equation denoted as 0),( tmQ , which 

encompasses coefficients represented as sqa . By employing 

appropriate points of collocation within    1,01,0 by ; we 

formulate a system of the equation with the unspecified coefficients, 

denoted by sqa  

                 

)9(bvH   

In this context, H stands as the well-established coefficient of the 

matrix, v represents column vector containing Chebyshev and 

Hermite coefficients, and b is the predetermined vector at the right-

hand side (RHS). The very important thing to note here is that both H 

and b consist of real values determined through the utilization of the 

points of collocation within the equation of residuals 0),( tmL . 

Now, 
2

pM as collocation points become a requisite when we 

consider pM
 
polynomial where 1 NM p . Subsequently, the set 

of equations for determining the unspecified coefficients are 

established, followed by their substitution into (8), we get the 

approximate solution of (6). 

The discretization of the domain represents a significant consideration 

and should be noted. As a result, different discretization patterns will 

be considered before the best one is finally selected to produce 

results that are acceptable. 

 

Numerical Examples and their Results 

 

Example 1: Consider a linear partial differential equation of the form; 

               

)1.0.4(09
2

2

2

2









  xx ee
x

H

y

H
 

Subject to the conditions:  

         

)1.1.0.4(sin)0,()0,( xxHandxxH y   

The theoretical solution of the given equation is given to be 

)2.1.0.4(3coshsinh
9

2
sinh

9

2
3sinsin

3

1
),( yxxyxxyxH   

Assume that the bivariate series solution for the linear PDE (4.0.1) as; 
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  
 


4

0

4

0

2 )2.0.4()()()(sin),(
q s

sqsq yPxTayxxyxyxH

 

where 
2),(sin),( yxyxandxyxyx   . Initial 

conditions (4.0.1.1 are satisfied by the anticipated solution 4.0.2). Now, 

differentiate (4.0.2) partially with relation to x and y to acquire the 

derivatives as; 
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Now, substitute (4.0.2.1) and (4.0.2.2) into (4.0.2) to have the residual 

form of equation
0),( yxH

. Then, collocation at twenty-five points 

since our N = 4, which in turns gives a system of twenty-five linear 

algebraic equations. Having solved the system by method of Gauss 

elimination or computational software, we have the unknowns as; 
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equation as thus; 

 

            

  yxhxhyxxyxH 3coshsin
9

2
sin

9

2
3sinsin

3

1
, 

.  

For table one, the enumerated error norms at different time is shown. 
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Table 2 shows the error norms from table 1 results, also with the existing 

literature 

  

4.1 Discussion of Results 

 

It is evident from the table one above that the approximate results 

gotten with the current scheme perform well and it is in a satisfactory 

approval with the theoretical solution of Example 1. Collation points 

are picked within the boundary and have proven good based on the 

results obtained. This method also requires choosing different 

discretization patterns to obtain a better approximate solution for the 

PDEs. We could see from the solution that 

 

Example 2: Examine the nonlinear partial differential equation 

featuring 1  and  
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where 0,)1,1(  jc .  (12) meets the conditions  

 1,1
2

)0,(,0)0,(  cwherecc
j

v
cv






; as well as the 

Dirichlet boundary conditions  
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The theoretical solution for the differential equation is given to be 






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
 jcjcv

2
sin),(


. 

Assume that the bivariate series solution for the PDE (10) as; 
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where 

32233

22
),(

22
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2
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


 










Initial conditions (11 are satisfied by the anticipated solution 12). Now, 

differentiate (12) partially with relation to m and t to acquire the 

derivatives as . Following the same procedure as example 1, the 

unknown coefficients obtained ar 
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Substituting all 
/

sqa  in (12), we obtain an approximate form of solution 

for the differential 

Equations as thus; 
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But the theoretical solution of (15) is 







 jcjcv

2
sin),(


.  Table 

two below enumerates the errors with various points, j. 

 

Table 2: Comparison of errors norms when c = 1 at various points (j) 

 
 

From the table above, it is clearly observed that the approximate 

results obtained using the present scheme perform favourably well 

and it is in a satisfactory approval with the theoretical solution of the 

example two. Collation points are picked within the boundary and 

have proven good based on the results obtained. This method also 

requires choosing different discretization patterns to obtain the better 

approximate results for the PDEs. We could see from the solution that 

pattern at different schemes (N = 2, N = 3 and N = 4) were observed, 

the scheme performed well but at N = 3 and N = 4 the results 

performed better here than the existing one.  

 



 
 
 
 
 

 
 
 

245 

 

 
 

 

 
 

 

 
 

 

 

 

Corpus Intellectual 

ISSN PRINT 2811-3187 ONLINE  2811-3209    Volume 4 NO 3 2025 

 

 

 

 

 

5.0 Conclusion and Remarks 

 

A numerical approach combines with the method of collocation, 

based on hybridizing the Chebyshev and Hermite basis polynomial 

functions was successfully applied to solve a set of linear and 

nonlinear PDEs. With this approach, a set of solutions in terms of the 

hybridized polynomials was assumed and satisfied the required 

conditions of the PDE. Comparing the approach with the previous 

methods described in the literature, the adjustment to the assumption 

has been successful in yielding an approximative solution with fewer 

terms. The numerical computation adopts the use of collocation 

methods while the convergence was established using a tolerance 

closer to the exact. Two examples were considered, and their results 

were in comparison with the available literatures. The outcomes 

demonstrated the effectiveness of the suggested approach and its 

ability to achieve convergence with fewer terms. However, it is 

recommended that more than two dimensional nonlinear PDEs with 

complex boundary conditions or irregular domains should be 

considered. 
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